The unsteady evolution of lifted methane-air jet flames following spark ignition is computed using Large Eddy Simulation (LES). A presumed joint Probability Density Function (PDF) approach is used for the sub-grid combustion modelling accounting for both premixed and non-premixed mode contributions. Two flames, one with high and another with low jet velocities are investigated and the computed temporal variation of flame leading point agrees quite well with the measured data for both the transient evolution and final lift-off height. The joint PDF of the axial and radial stabilisation locations shows that these locations are correlated with the jet exit velocity. The flame leading point evolution in the three-dimensional physical space is visualised using its trajectory, starting from the ignition location to the final lift-off height. A spiral-shaped path is observed for both velocity cases showing different flame propagation behaviours at different heights from the jet exit. These observations are explained on a physical basis.
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Introduction
Spark ignition (or forced ignition) process involving a transient growth of an initial flame kernel to a fully burning flame is crucial for many practical devices [1] . In non-premixed combustion systems, an edge flame usually forms following a successful kernel initiation and its subsequent propagation in compositionally inhomogeneous mixtures experiences strong turbulence/chemistry interaction [2] [3] [4] . Therefore, understanding the underlying physics of this transient process is of prime importance to develop practical control strategies especially for high-altitude operating aero gas turbines and rocket engines.
Many experimental and numerical works investigated spark ignition and the following flame propagation in various non-premixed systems (see [1] for a review). Among these efforts, the lifted jet flame is widely considered because of its simple geometry and rich physics involving partial premixing, edge flame propagation and triple flames [5] [6] [7] . Following the works of Birch et al. [8, 9] , Ahmed and Mastorakos [10] investigated ignition probability and lift-off evolution in a methane-air jet with a range of flow and composition conditions. The temporal evolution of flame leading point from ignition to stabilisation was measured using high-speed movie for two jet velocities and a flame propagation speed was estimated using the mean flow velocity deduced from a correlation [11] . However, there is a considerable room for error due to the crude estimations used as suggested in [10] . Therefore, modelling efforts are required to shed insight on edge flame propagation and its interaction with flow field. Müller et al. [12] computed a propagating jet flame using two-dimensional unsteady Reynolds-averaged Navier-Stokes (2D-URANS) method with a G-equation fomulation for partially premixed flame and found that the physical processes had varying effects at different heights from the jet exit. Chen et al. [13] showed a substantial difference between the measured [10] flame leading point evolution and that computed using flamelets, and noted that advanced method was required to capture the transient evolution.
Large Eddy Simulation (LES) is well suited for this and becoming attractive because of rapid advances in computing and sub-grid scale (SGS) model development. LES resolves energy containing large scales and thus one can examine the interaction between edge flame and large-scale flow structures. Numerous LES with various SGS combustion models were conducted to study fully burning turbulent flames, see reviews in [14, 15] and flames in practical applications [16] [17] [18] .
These studies are not reviewed here because the current focus is on the transient evolution of lifted flames. Lacaze et al. [19] computed a high-velocity (25.5 m/s) jet flame in [10] using thickened flame model and found a quite good agreement with the measurements of both the final lift-off height and transient evolution of flame leading point. This evolution was studied by comparing LES snapshots and line-of-sight experimental images. Jones and Prasad [20] calculated the lowvelocity (12.5 m/s) flame in [10] using a filtered Probability Density Function (PDF) approach with Eulerian stochastic fields. A good agreement with the measurements was observed.
The objective of this paper is to investigate the lifted flame propagation and its interaction with the turbulent flow using LES with a presumed joint sub-grid PDF approach for partially premixed combustion. The flame leading edge evolution in azimuthal direction is of particular interest because the propagation is sensitive to the local flow and stoichiometry. Also, this specific point is not addressed in previous studies. Hence lifted flames for both jet velocities (12.5 and 25.5 m/s) are computed to examine the influence of flow and mixing conditions on its transient evolution.
The paper is organised as follows. The combustion model is decribed in Section 2, followed by the experimental and numerical details in Section 3. The results are discussed in Section 4 and finally the conclusions are summarised in Section 5.
Modelling methodology

LES governing equations
The Favre-filtered conservation equations for mass, momentum and total enthalpy are solved. The unresolved sub-grid stress tensor, τ sgs ≡ ρ( uu − u u ), is closed using the Smagorinsky model [21] : µ sgs = ρ (C S ∆) 2 || S||, where C S = 0.167, || S|| is the filtered rate of strain [22] and ρ is the filtered density. The filter width ∆ is computed as the cube root of the local numerical cell volume.
As chemical reactions are SGS phenomena, they require modelling and a flamelet-based partially premixed combustion model is proposed based on the framework in [13, 23] . This LES model maps all thermo-chemical quantities into a low-dimensional manifold characterised by mixture fraction, Z, and a reaction progress variable, c, and utilises a presumed joint sub-grid PDF for Z and c. The mixture fraction is defined using Bilger's formula [24] and c = ψ / ψ Eq is used, where ψ = Y CO + Y CO 2 and ψ Eq is its equilibrium value for the local mixture [13, 23] . The filtered values and sub-grid variances of Z and c are computed in LES using their transport equations. These Favre-filtered transport equations, in standard notations, are
and
where
is the substantial derivative and D is the molecular diffusivity. The sub-grid fluxes are modelled using the gradient transport approximation, for example, ρ u Z = −ρν t ∇ Z/Sc t , where Sc t = 0.4 [25] and ν t is the SGS eddy viscosity. The SGS scalar dissipation rate of mixture fraction is modelled as
with the commonly used coefficient C Z = 2 [14] . For the progress variable dissipation rate, models purely based on mixing timescale are inadequate [26] and thus the algebraic model proposed in [27] for premixed combustion is modified to include the effects of mixture stratification and this model is
where u ∆ = | u − u | is the SGS velocity obtained using a test filter width of
L is small. Da ∆ is the SGS Damköhler number and, C 3 , C 4 and β c are model parameters as detailed in [27, 28] . C 3 and C 4 do not have any tunable parameters and are calculated on the fly using local flow and flame attributes. β c value can be determined through a dynamic procedure [28] but it is taken to be 7.5 for simplicity here. The other parameters in Eq. (5) (3) and (4) are modelled as described next.
LES sub-grid combustion model
As the combustion is partially premixed in the stabilisation region of lifted flames [3, 4] , a sub-grid model accounting for both premixed and non-premixed combustion is required. Following [13] and [23] , the reaction rate in Eq. (3) is written aṡ
where N ZZ ≡ D(∇Z · ∇Z) is the instantaneous dissipation rate of mixture fraction. Theω c andω np signify the contributions from premixed and non-premixed combustion respectively.
In this study,ω c is modelled aṡ
where ξ and ζ are the sample space variables for Z and c respectively. The flamelet reaction rateω c (ξ, ζ) is obtained from laminar flame calculations. To account for the SGS fluctuations of both Z and c, the SGS joint PDF, P ∆ (ξ, ζ), is modelled as
2 ) using two Beta PDFs.
The non-premixed contribution in Eq. (6) is modelled aṡ
to include the SGS effects of mixture fraction fluctuation. The filtered scalar dissipation rate is the sum of resolved and SGS parts,
The reaction related term cω * c in Eq. (4) is modelled in a manner consistent with Eq. (7). The filtered temperature, T , is obtained using the transported total enthalpy, h, as detailed in [28] and this temperature is used to calculate the filtered density through the equation of state.
Experimental configuration and numerical setup
The experiments of Ahmed and Mastorakos [10] also applied in the shear layer to resolve the majority of turbulent kinetic energy.
The mean axial jet velocity is specified using a 1/7th power law and a 5% random noise is given for the velocity fluctuation. The comprehensive chemical mechanism GRI-Mech 3.0 is used for this study and the quenching mixture fraction dissipation rate at stoichiometry given by this mechanism is, ( χ Z, q ) st = 5 s −1 , which is consistent with previous studies [4, 12] . The CFD toolbox OpenFOAM is used and the built-in thermo-physical model for the LES solver is replaced by the combustion model described in Section 2. Second-order numerical schemes are used for both temporal and spatial discretisations. A relatively small time-step size of 0.4 µs is used so that the CFL number is below 0.3 in the entire computational domain. The computation is performed using 1080 cores on the ARCHER UK National Supercomputer and a typical ignition sequence of 600 ms in physical time requires about 60 hours of wall-clock time.
The two cases considered here are listed in Table 1 
Results and discussion
Cold flow
The axial velocity statistics of an air jet with a bulk mean velocity of υ j = 21 m/s are shown in Fig. 1 . The computed centreline variation of the normalised mean axial velocity agrees well with the correlation of Tieszen et al. [11] as in Fig. 1a . υ cl is the centreline velocity and υ c is the co-flow air velocity. About 5% difference is observed, which is similar to those in earlier studies [19, 20] and is possibly due to same small difference in the turbulence given at the jet inlet boundary. Unfortunately, this turbulence was not characterised in the experiments.
Figures 1b and 1c compare the radial variations of computed and measured [10] normalised mean axial velocity and its rms values for four axial locations. A good agreement is seen for the mean velocity, and the rms values are over-predicted by about 5-10%. In general, the cold flow characteristics are captured reasonably well by the LES.
Flame edge transient evolution
Ahmed and Mastorakos [10] observed four typical flame evolution stages in their experiments following a successful ignition, namely the flame kernel growth, radial expansion, leading edge upstream propagation and final stabilisation stage at the lift-off height. Qualitative comparison between the experimental instantaneous images and LES snapshots has been shown in previous studies [17, 20] and similar flame topologies are also observed in the present simulations but it is not discussed further here since the focus of this study is on the transient evolution of the flame edge. After the spherical kernel has fully grown, an edge flame forms during the radial expansion stage as in Fig. 2 , showing the reaction rate of progress variable along with the mixture fraction iso-lines. It is observed that the formation starts from a rich mixture on the jet centreline in Fig. 2a , and then expands radially across the stoichiometric line in Fig. 2b and finally establishes a leading edge in the relatively lean mixture as highlighted in Fig. 2c . Subsequently, this edge flame starts to propagate upstream interacting with the oncoming flow,
shown by the wrinkled flame structure. During this process, the reaction rate is well contained within the flammability limits suggesting a good model prediction for the edge flame evolution.
The earlier studies [17, 20] compared the LES slices and line-of-sight exper- imental images qualitatively to study the edge flame propagation. To investigate this process further, the flame behaviour in the 3D space needs to be considered because the flame leading edge does not reside in the same z-r plane because of its evolution in the azimuthal direction. This is illustrated in Fig. 3 showing typical 3D evolution of the leading edge at four instants after ignition using T = 1200 K [13] iso-surface coloured byω * c . The iso-contour of the stoichiometric mixture fraction is also shown to visualise the flow and mixing fields. As highlighted by the black circles, the leading point appears at different azimuthal positions at different times as in Fig. 3 . The local reaction rate at these points seems to vary that the leading point marker chosen using T can represent the flame leading edge quite well. In Fig. 4 , the Z st iso-surface is coloured by its filtered scalar dissipation rate, which is normalised as χ
where ( χ Z, q ) st is a reference quenching dissipation rate noted in section 3. It is shown that χ + Z << 1 at the lift-off height and its downstream, consistent with previous studies [12, 13, 23] .
Furthermore, the radial position of the leading point also varies from one instant to another because of the difference in local mixing conditions. A finger-like shape at the leading point is observed in Figs. 3a and 3d and this is outside the stoichiometric surface indicating lean mixture, whereas the leading point is found close to the stoichiometry in Figs. 3b and 3c . This is because the turbulent flow generates fuel pockets far from the jet centre and these ignited pockets propagate faster than the main flame as the local velocity is relatively small. Once the fuel in the pocket has been fully consumed, these branches extinguish and the lead- good overall agreement is observed for both flames, however, the final lift-off height of F1 is over-predicted by about 2d j , which is similar to that in [20] . This is possibly due to the fast-decaying random fluctuation given at the inlet boundary yielding under-predicted turbulent mixing in the near jet exit region (about 3d j ) where flame F1 is stabilised. The partially premixed combustion occurs in the stabilisation region and thus the assumption of statistical independence for the sub-grid fluctuations of Z and c may not hold. The Z-c correlation was shown to be important for RANS [13, 23] but its role for SGS modelling is unclear. The difference seen in Fig. 5 for the lift-off height may also be due to this assumption. Further investigations are required. Nevertheless, the transient evolution of the flame leading point during the entire ignition sequence is captured reasonably in the LES using the partially premixed combustion model proposed here and is similar to the prediction obtained using thickened flame [17] and LES-PDF [20] methods.
Two sub-stages of flame propagation are noted in Fig. 5 . In the beginning, the thermo-chemistry is stronger than the convection at the leading edge yielding a high net propagation speed and this process is called as the freely propagating sub-stage, which is from 5 to 130 ms for F1, and from 15 to 240 ms for F2 flames.
The dominant thermo-chemical effect is reflected by the largeω * c in Fig. 3a and 3b. The second sub-stage is the stabilising process; the leading point enters the stabilisation region with high turbulence but still moves upstream slowly until the final lift-off height is reached. The flame propagation behaviour during these substages is further discussed later. 
Lift-off statistics
The flame stabilisation location oscillates by about one to 2d j in both axial and radial directions depending on the jet exit velocity. These oscillations result from unsteadiness in the oncoming and entrained flows. The radial location moves outward as the flame leading edge moves downstream and vice versa. These correlated movements can be seen in Fig. 7 showing the joint PDF of the axial, L f , and radial, R f , locations of the stabilisation point for both F1 and F2. This PDF is constructed using 500 samples collected over 250 ms. The iso-lines shown are based on the time averaged mixture fraction field. These radial and axial coordinates are normalised using the jet diameter, d j , or a representative length scale,
The stabilisation point with the highest probability is observed around L f = 5.7d j and R f = 1.7d j for F1. In contrast, flame F2 is stabilised at L f = 13.2d j and R f =2.7d j , further away from the jet exit and centreline. These axial and radial locations and also their fluctuations seem to collapse between F1 and F2 for the scaling using U j τ L suggesting a possibly strong correlation with the jet exit velocity. Also, the most probable locations are observed to be on the lean side of stoichiometry, very close to the lean flammability limit for both flames. However, it is less probable for the stabilisation point to appear on rich side because of high local flow velocity, which is similar to previous study on lifted jet flame in vitiated coflows [29] . To further explore this correlation between the radial location and mixture fraction, Fig. 8 shows the joint PDF of R f and Z for both flames F1 and F2. It is clear that both flames are mostly stabilised in the lean mixtures ( Z l < Z < Z st ), having the most probable location at about Z = 0.08 for F1 and Z = 0.06 for F2. However, no evident correlation is observed between R f and Z fluctuations suggesting that the radial stabilisation location may also depend on other physical processes such as large-scale flow structure and flame/turbulence interaction. 
Conclusions
Transient evolution of edge flame in a spark-ignited methane-air jet is investigated numerically using LES with a sub-grid model for partially premixed com- 
